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Aerodynamic Theory for Wing with Side Edge

Passing Subsonically through a Gust

Rudolph Martinez* and Sheila E. Widnallf
Massachusetts Institute of Technology, Cambridge, Massachusetts

An approximate solution for the unsteady loading near the square-shape tip of a wing passing through an
oblique gust is obtained in closed form. The aerodynamic theory developed can be used to predict airloads felt
by a helicopter blade experiencing a blade/vortex interaction for high blade tip speed and/or for small vertical
blade/vortex separation. Under these conditions one can show that the blade’s trailing edge has little influence
on the character of the chordwise loading at all spanwise sections; thus, the chord may be allowed to extend to
mfmlty in the downstream direction. Therefore, the model considered here is that of a quarter-mfmlte flat plate
wing with side edge passing subsonically through an oblique gust.

Nomenclature

A = function defined in Eq. (16)

b = wing semichord, reference length

Co = sound speed

D/Dt¢ = substantial derivative

E,E* = Fresnel integral and its complex conjugate

f = function‘in convolution, Eq. (26) ’

H{@ = Hankel function

1 =integral defined in Eq. (24)

k., =reduced frequency, or nondimensional chordw1se

- wave number

K =k M/(1-M?)

M . =freestream Mach number

P,p, =perturbation pressures

r =assumed form for three- dlmensmnal upwash,
Eqs. (12a) and (14)

7 =Fourier transform of r

t =time

U = subsonic freestream velocity, or flight.speed

v =assumed form for three-dimensional upwash, Eq.
(12b)

0 =Fourier transform of v

W, = gust amplitude

X,),3 =chordwise, spanwise, and normal to wmg spatial
coordinates

Y,Z =vV1-M?y, V1 - M? z, respectively

$,0, = perturbation velocity potentials

¥ = Euler’s constant, 0.577...

Agust = gust wavelength

A = wing/gust interaction angle

w =frequency parameter=(k,/(1 —M?)) ltanA|
(M?/sin?A—1)%

Po = freestream density

Introduction

HE computation of airloads on a wing of arbitrary
geometry in unsteady flow remains a formidable task,
even for those cases which allow a linearized analysis. In the
present paper we develop an approximate, closed-form lift-
ing-surface theory for the special case of a thin, semi-infinite
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span wing with a single side edge passing through an oblique
sinusoidal gust convected by a subsonic freestream. The
model is motivated by the need to determine the unsteady
pressure distribution near the tip of a helicopter blade passing
over a vortex trailing from another rotor blade. The unsteady
loading predicted here will serve as a distribution of acoustlc
dipoles in future noise calculations.

We limit our analysis to those wing/gust interaction cases
for which the gust is of short wavelength in comparison to the
wing  semichord and/or for which the freestream Mach
number is close to 1. Adamczyk,! Amiet,? and the authors?
have demonstrated that in such operating regimes a wing’s
trailing edge has little effect on chordwise pressure
distributions, and thus that the loading obtained considering
the presence of the leading edge alone satisfies almost
automatically the conditions of AP=0" at the trailing-edge
position (the Kutta condition) and in the wake. In our analysis
we take advantage of this fact and ignore the presence of the
wing’s trailing edge: the chord is assumed to extend infinitely
in the downstream direction from the leading edge, so that the
planform’s geometry is a quarter-infinite flat plate occupying
the region x>0, y>0 of the x-y plane. Sweep effects are not
considered. The side edge (x>0, y=0) remains always a true
side edge aligned with the freestream, never acting as either a
leading or a trailing edge.

Furthermore, we consider only those interaction angle
A/Mach number M combinations which satisfy the condition
sinA>M, a condition which implies physically that unsteady
load fronts travel subsonically through the still fluid and
which is often met by blade/vortex interactions for single-
rotor helicopters. For sinA <M (supersonic trace speeds) we
expect the acoustic field to be dominated by radiation from
sources along the wing’s leading edge, with strengths that may
be predicted using two-dimensional aerodynamic models by
Adamczyk! and Amiet,2 who in their studies neglect the
three-dimensional side-edge effects that are the issue of the
present paper.

For transonic and supersonic flows, respectively, Landahl*
and Miles® have given exact solutions to the closely related
problem of a corner wing undergoing harmonic oscillations.
For subsonic flow, we find here that although the gust
problem has no exact closed-form solution analogous to
theirs, an approximate lifting-surface theory, useful for
theoretical noise studies, may be extracted rationally after
some analysis. In a paper to follow we apply this aerodynamic
result to calculate the strength of acoustic sources near the tip
of a helicopter blade of finite length passing over a potential
vortex, and the resulting acoustic field. The sinusoidal gust in
the present model is used as a Fourier component of the
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vortex-induced upwash .on the flight plane and, through
superposition, the radiated acoustic pulse is then obtained.
Such a theory will be an improved version of that developed
by the authors in Ref. 6, wherein the basic two-

dimensional, leading-edge loading solution originally derived -

by Adamczyk! and Amiet? was used in a simple spanwise
superposition in order to model finite-span effects on acoustic
radiation. The aerodynamic model in Ref. 6 did not ac-
curately represent the strength and phase of acoustic sources
near the blade tip.

From the acoustic viewpoint, the aerodynamic loading due
to the blade passage through the gust represents a distribution
of acoustic dipoles, each radiating a tone of the same
frequency. At low speeds and/or for low gust-reduced
frequencies, the tone’s wavelength is much greater than the

- airfoil chord. The unsteady loading is then termed
““acoustically compact’’; for the acoustic calculation, it may
be integrated over the chord to give the strength of a simple
point acoustic dipole. When the ratio of wavelength to chord
is not great, so that there are substantial differences in local
values of the unsteady loading phase, the acoustic effect is not
that of a single dipole. The pressure distribution itself, not its
integrated value of unsteady sectional lift, must be used for
the acoustic calculation. Such a loading is said to be
acoustically noncompact.

The present model may be applied to physical situations in
which the resulting aerodynamic loading may be anticipated
to be largely noncompact, when the loading is expected to
have high-level lift harmonics which can be calculated
correctly only if compressibility and unsteady (noncompact)
effects are properly taken into account. For helicopter
blade/vortex interaction, the physical conditions which
demand that a noncompact model be used to predict a sub-
stantial section of the loading spectrum are that the tip Mach
number be close to 1, and/or that the vertical blade/vortex
separation be small in comparison to the blade semichord. As
discussed above, the trailing edge of the blade can then be
neglected in the analysis for the unsteady loading. The present
model, therefore, investigates a different operating regime
from that studied by researchers who have developed
aerodynamic models for blade/vortex interaction when the
latter is assumed to be a low-speed, or largely low-frequency,

(compact) phenomenon. It is intended to complement, for .

example, that of Chu,” who developed a numerical lifting-
surface theory for a square-tip blade of semi-infinite span
passing through a gust at M=0 and then applied it to
calculate impulsive loads due to blade/vortex interaction.
-The solution procedure used here to calculate the loading
on the corner wing is an application of an idea by Carrier® for
computing the temperature field of a heated corner plate; its
main mathematical tool is the Wiener-Hopf technique. The
solution we obtain is not exact because, as indicated below,
we allow one of the boundary conditions in the complex
boundary-value problem for the potential to be violated.
However, we have shown in Ref. 9, Chap. 4 that the result
thus obtained actually represents the first correction'in an
iterative source-cancellation scheme in which the inexactness
of the answer becomes less and less significant. Landahl!® has
shown that the solution through iteration converges
uniformly with respect to a parameter containing the gust-
reduced frequency and the Mach number and that, for higher
values of reduced frequency k, or of Mach number M, fewer
terms are needed to achieve a desired degree of accuracy. It
follows that the loading obtained here should approach the
exact one in the noncompact limit. Although the evaluation of
the approximate result at all points on the plate is not prac-
tical here, since for each point the numerical evaluation of a
complicated double integral is required, through an asymp-
totic analysis we are able to deduce the behavior of the
loading away from the corner point and to corroborate
quantitatively the implication of Landahl’s convergence

proof!0: that the violation of the boundary condition does not |
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appear to be great so long as the frequency is hlgh and/or the
Mach number closeto 1.

. The last step in the development is to use the conclusions of
the asymptotic .analysis to extract rationally from the
calculated: approximate solution a solution for the loading
that does not violate the upstream boundary condition. This
final simplified result is given in closed form and so may be
applied readily to model the strength of acoustic dipoles near
the tip of a helicopter blade passing over a vortex. It has the
expected Vy behavior at the side edge and approaches the two-
dimensional form!? at spanwise points away from y=0. At
the corner point itself, the predicted loading has a
nonuniform behavior. : )

Formulation

Figure 1 shows the model; a rigid flat plate occupies the
0<x<o, 0<y<o quadrant of the x-y plane and a
freestream U (M=U/c,) convects the sinusoidal gust at
interaction angle A. All distances are normalized by the wing
semichord b, so that the position of the trailing edge for the
actual wing may be indicated by a dotted line at x=2. The
linear convected-wave equation governs the three-
dimensional perturbation potential

32® 320 92 | D@
e e i M
ax? " 0y’ ' 922 i DP
~ with boundary conditions
B, (x>0,9>0,0,1) = — wybele!—ikye-ikyandy (24)
B(x,y<0,0,t) =8(x<0,9,0,t) =0 (2b)

where Eq. (2a) is the requirement of flow tangency and Eq.
(2b) is due to the perturbation flow’s antisymmetry about the
z=0 plane, a characteristic of every planar lifting problem; w
is the gust’s circular frequency; and k, = wb/ U, the chordwise
gust wavenumber or reduced frequency. The three-
dimensional pressure field P corresponding to & also satisfies
the convected-wave operator of Eq. (1) and is also expected to
have the following behavior at the edges:

P(x—0+,y>0,0,t) ~1/Vx . (3a)
P(x>0,y—0+,0,t) ~Vy (3b)

If we now let

y=YNI-M? (4a)
= ZNT=3F (4b)
&= ¢.explivt+k, M2x/ (1 —M?)] (4¢)
P=p,explivt+ kxMéx/(I —-M?)] (4d)

Fig. 1 The passage of a quarter-infinite flat-plate wing through an
oblique gust.
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we obtain the boundary-value problem for ¢,

Pure T Puyy +uzz + K20, =0 &)
squect to
‘ w,b
6., (x>0,Y>0,0) = —7_"—M; .
X exp(— ik, x/ (1 — M?) —ik tanAY/N 1~ M?) (62)

6, (x<0,5,0) =¢,(x,y<0,0)=0 (6b)

where K=k M/ (1—M?). The relationship betweeh ¢, and
the pressure p, is (Bernoulli’s equation),

p*=+"“’70(,ikhz w0

Equatlons (5) and (6) cannot be solved in closed form by
means of any. simplé analytical procedure- known. The
treatment which follows yields an approximate solution which
should approach the exact one in the high-frequency limit; in
order to obtain it, we allow the upstream condition
$,(x<0,Y,0)=0 to be violated for Y>0 by an amount later
shown to be small for noncompact cases of interest.

Approximate Solution by the Wiener-Hopf Technigue
We define the transform pair

dA ' da
L(xY, =S 2 -D\YS —1
LS P =l

o

. Y .
SN N2 = SS dx—i-ewxmﬂm(x,y,z) ~ (8b)

—

where C; and Cz denote complex integration contours in the
N\, and \, planes, respectively. If Eq. (8b) is applied to Eq. (5),
the solution for positive Z is

- d\,
Y, Z) = — i
&, (X, ) Sc, T2 € L
x S d\,
«/Zr

Since ¢.(x,Y<0,0+)=0, it follows from Eq. (9) with

e—inY— Z‘/Wqﬁ()\p)\po'i') (9)

Z=0+ that ¢()\;,\,;0+) must be an analytic function of A, -

in the upper half of the A, plane. Using the standard
nomenclature of problems of the Wiener-Hopf type, we then
write ¢>()\,,)\2,0+) ¢@ From Eq. (9) the vertical velocity
field 3¢, (x, Y,0)/0Z, to cancel that of the gust on the plate’s
surface in order to satisfy flow tangency, may be calculated

o dn, L
buz (X, Y,0+)= Sqme 1

a, s
x Séz T e a0 0NN KT (10)

For simplicity of notation, throughout the analysis that
follows Z=0 is understood to mean Z=0+. We now make
the ‘assumption which allows us to obtain an approximate
solution to the boundary-value problem posed in Egs. (5) and
(6): the condition ¢, (x<0,y >0,0)=01is relaxed. Welet

PN ALOFIVNIE N K2 =F(N, M) +0(AL0N,) (1D
where

r(x,Y)=0 for Y<0, =2-Dupwashfor Y>0 (12a)

e~ MG (NN Z) (8a)
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v(x,Y) =7 for Y<0, =0 for Y>0 (12b)

In Ref. 3; the two-dimensional potential field for an in-
finite-span airfoil with no trailing edge passing through an
oblique gust has been calculated [Eq. (12) there]:

6. (6.2) = ibwoexp( —iktanAY/NI-M?) Z.
T 2V I-MNk (1-M?) v 1Z]

» S dhjexp{ — VN —p? 1Z1 =i\, x}
c

N =5 — Ky (1= D) ] 13)

where the contour C;’ ; in the complex N, passes over the pole at
A =k;/(1-M?) and the branch point at \;=u. The
frequency parameter p is given by

_\/ kM7 k2 k, ltanAl [ M? ‘I]%
# T U-m?) Lsinza

(I-M?)?  1-M°
FrOm Eq (13) the two-dimensional upwash field to be used -
in Eq. (11a) may be found,

— iwpbexp(— ik, tanAY/N1—M?)
2m1=MNk /[ (1-M?) +p

rix,Y)=

FINPELN )y
xS (14)
¢ N —k/(I-M2)]
so that ,
) AQ\)
Aph,) = ,
ALY N, —k,tanA/N1—M? 13
where .
: AN = WbV 4+ 1 :
72 «/1 MK,/ (I=M?) +p [N\ =k / (1-M?)]
' (16)

" 'In the solution being constructed, 0(x, Y>0)=0 as stated in
Eq. (12b). It follows, therefore, that 5(A;,A,) must be an .
analytic function of A, over the lower half of the A, plane,

and so §(A;,A,) =0g. Substituting for Fand 7 into Eq. (11),

and factoring out the term VA + N5 —

N V= (KE=N)7

_ A(N)) 1
ktanA 7 YA+ (K2—-N)7%
[)‘2— 1—M2]
o)

(K- 7 un -

where we write /5@()\2) instead of ¢g(A,.N,) to avoid
confusion as to the meaning of the symbol @, which refers
here to the analyticity of ¢ in the upper half of the A, plane
and not in the \; plane.

Since an exp(iwt) behavior for the harmonic tlme depen-
dence has been used, the condition of outward wave
propagation, or Sommerfeld radiation condition, requires us
to allow w, and so also k, and g, to have a small negative
imaginary part (Ref. 11, p. 28). In Eq. (17) the two radicals
VN, = (K2—N\2) %, and \/)\2+ (K?2—\2) % contain 'the quanti-
ty K2 M, a function -of A wh1ch has branch points at
\; = = K; the branch of VA — K? with vanishing argument as
N\;—o along the C, 'contour is chosen. This choice now
implies two new branch cuts in the X, plane, which is then as
shown in Fig. 2a. Figure 2b indicates the position of the
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singularities in the \, plane and the corresponding regions of
© and @ analyticity.

If the first term on the rlght side of Eq. (17) is now split in
the usual way into a sum of two functions, one @ and the
other @, a Wiener-Hopf equation of the form @ =0 is
obtained from which ¢ @ may be found in a straightforward
manner after assuming that all functions satisfy the Riemann-
Lebesgue lemma'? and then invoking Liouville’s theorem
(Ref. 11, p. 6). The solution for ¢ 4, is

—A(N\)) 1
k tank K _) % VN, — (KT-N) %
it !
1
X ————
()\ k tanA )
2 JI-M?
Substituting for 4 and using Eq. (9), we obtain ¢,(x,Y,Z).
From the linearized relation between pressure and velocity

potential [Eq. (7)], p, may also be calculated. The final results
are

$ohs) =

(18)

Y,Z)= —wyb 1
¢ (Y. 2)=
7-a2 H
S adNe NN +p
C k, ) k tanA -
- T+ (K2=N\) %
(AI 1-M? NI1=M? ( 7)
e Y ’ (19)
X P
Scz k, tanA VN, — (K2-A\) %
(- 57)
ipowoU 1
VY, Z) = —
Py (x ) ‘47‘_2\/1_M2 \/kx/(I-M‘?)+IJ,
S d\ e~ MxN, 4
cy \/kxtanA/\fI-—M2+(Kz_)\%):/Z
i e-or-2 IR )
' 20)

x 3
Sc; (N, —k tanA/NT—MZ)Vh, — (K2 =N) %

¢0.(x, Y<0,0)=p, (x,Y<0,0)=0 since the N, integrands are
analytic in the upper halfs of their A, planes. Letting Z=0 and
evaluating the A\, in closed form for Y>0 by deforming the
contour to the lower half \, plane, the loading p, is found:

. (x,Y>0,0+)
i—pyw,U
= ( LI exp (— ik tanAY/~1—M?)
27N 1—M?

dn e Mx [ Ck,tanA -
—  FE|Y| EA— - Kz—)\z)] 21
% Sc, NN JI— )] @b

where E(a) is the complex Fresnel integral of argument a
defined by

a dteit
0 V2wt

E(a)=§
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which for small @ behaves as V2/7 Vaexp(ia) . Therefore, the
solution for p, in Eq. (21) has the expected VY behavior [Eq.
(3b)].

In Ref. 9 we have rederived the loading given by Eq. (21)
using the alternate method of source cancellations. The
procedure uses a Green’s function technique first developed
by Schwartzschild'® in his theoretical studies of elec-
tromagnetic diffraction, and then adapted by Landahl* to
treat certain problems of unsteady transonic flow. This was
also the method Amiet? used to calculate the loading on an
infinite-span airfoil in subsonic flow passing through a gust.
As previously discussed, Landahl!® has shown that the source
cancellation procedure converges uniformly with respect to
k./(1-M?), so that fewer and fewer terms are needed to
obtain an accurate answer as the gust-reduced frequency £, is
increased and/or as the Mach number M nears 1; therefore,
the solution in Eq. (21), the first of the iterative cancellation
solutions, should approach the true one on the wing for short
gust wavelengths and/or for high flight speeds.

Asymptotic Behavior of Loading p.
Near Leading Edge

By construction, the integrand of the A, integral is an
analytic function of A, in the upper half of the X\, plane and
consequently p, (x, Y<0,0)=0. However, the integrand of the
A, integral is not analytic everywhere in the upper half of the
A, plane and, as a result, the solution in Eq. (21) does not
satisfy the condition p, (x<0,y>0,0)=0; i.c., the loading is
not zero on the part of the' Z=0 plane ahead of the wing. The
next step in the analysis is to determine how severely the result
in Eq. (21) violates the upstream condition. In order to in-
vestigate the solution for small values of x (near the leading
edge), we look at the large A, asymptotic form of the in-
tegrand (at the same time Ynot small). Expanding the Fresnel
integral for large argument, then

powoU 1
- ,Y> A = —
D+ (x—0,Y>0,0) e
N X +”
1—M?
. A, ‘
x exp[—lkxtanAY/m Sq et
ewirt X, e-tp- VKN
+
(e vER)”
e X (=) (2n+1)!
Z_: 321 22m4 ]
S‘ d)\le—i)\jx‘Y‘/I?z—)\zl -
% » 2
€ kxtanA 5 3 n+3/2 ( )
V)‘z‘FL(—“—m ——m)

The first term in the expansion [Eq. (22)] may be recognized
from Ref. 3, Eq. (14) (with Z=0) as the two-dimensional
solution p,, , for loading on a leading-edge airfoil of infinite
span. For completeness that result is reproduced here,

Drap (X% Y,0+)

powoUexp(—im/4—ipx—ik tanAY/N1—M?)
Va1 -Mk,/(1-M?) +p Vx
=0 for x<0

for x>0

(23)
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Fig. 2 Regions of © and ® analyticity in the complex A, A, planes
(integration contours C,, C, are indicated).

Amiet! and Adamczyk? originally obtained the final result
in Eq. (23) using alternate methods. We note that the leading
contribution to the asymptotic behavior of the loading
vanishes upstream, i.e., that the violation of the upstream
boundary condition on p, may be attributed to higher-order
effects only. Since in Eq. (22) these contain a term of Yto a
negative power, they represent a small correction as the
distance by=bY/~1—M? from the edge (Y=0) is increased.
The higher-order terms in Eq. (22) also contain complicated
three-dimensional effects which should be larger as the corner
is approached.

To calculate the coefficient of the Y~% term in Eq. (22), we
must evaluate the integral /

da -
I(x,Y>0)= gCI \/ﬁ exp[—iNx— Y~ )\i —v1(>2]
ktanA .y
(e —F N @4

for Y>0, x—0x. Using the convolution theorem, we may
rewrite it as

I(x,Y>0) = —i\@ Sf dEHP (KN (x—E) 7+ 17)

KY
x _’——_”—(X~g.)2+yzf(£) (25
where
da e~ iME 1
so=| e
¢, N2m NN —p k tanA Z
(T —VER)" 4

The integrand in f has branch-point singularities at
A; = =K. Besides these, one finds thatas A\, — +p

1 ‘ ~[ 2k tanA ]/ 1
ktand o \A VIi-M? 1 N -2
( Ji—ae VK _)")
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so that it contains also a simple pole at N\, =u and another
branch point.at A, = — u. We write, therefore,

FE) =f*+(§) +/*K (%) @7)
10,Y)=1*(x,Y) + I*X (x,Y) (28)
where for large &, f*# (£) may be approximated by!4

wior_ 1 [ 2kitanA (s RINPRLY
s (E)—m[VI—Mz] Sc, O\ =)V, +p (29a)

If we take Eq. (29a) to hold for small ¢ also, values of
S (&) are overestimated; so that for x<0 the result thus
obtained for I** (x, Y) will represent a conservative estimate
of the violation of the upstream boundary condition. The part
S*K (&) is given by

dNjemiME

1
+K = —a N —n
JEE(E) NP S‘ Branch line N -

ath;=+

1

X

k tanA - ¥

X _«/Kz_)\z)
(x/I—MZ !

The integrals I**(x,Y), I*X(x,Y) in Eq. (28) in turn
become : .

(29b)

I (x,Y) = —-i\/—‘g‘Sf dEHP (KN (x—£)2+Y?%)

) KY .
X Wf k(&) o (30a)

It = _’\/?S:, dEHP (KN (x—£)7+ 12)

X __Ifl___fil( £) 30b

The function f*# (£) may now be calculated by deforming
the contour C; in Fig. 3 to C} or C}* for x>0 and x<0,
respectively,

gy 1 [2ktanAs (—2m)
f”‘“‘\/ﬂ[w_w] NP
{1 for £>0 . (31a)
I— (I+)E*[2u(~£)] for £<0 (1b)

We have been-able to calculate f*#(£) analytically. Un-
fortunately, the same cannot be done for the more com-
plicated integrals in f*X(£), the contributions from the
branch points at A, = + K. However, these branch points are
weak, so that their contribution to f(£) for large £ should be
small in comparison to that from f*# (£ —o0). The following
approximation is then justified:

17K
I+K (%, Y) = —i\/g S ://K dEHD (KN (x— )7+ 12)

KY
- K
X (x_g)2+y2f (&) - (2
where =K (£) may now be replaced by its small £ behavior.
The latter may be calculated by deforming C, to Cj and C*
in Fig. 4 for x>0 and x <0, respectively. The integrals that
result turn out to be related to the well-known exponential
integral, which for small argument (here K£(—0) has the
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*¥%

% .

Fig.3 Deformed contours Cj, C;* for x>0 and x <0, respectively.

)

*
CI

Fig.4 Deformed contours €%, C 1* for x>0 and x <0, respectively.

behavior given in Ref. 15. The final expressions for f=K (&)
are

ix(g)_i{=i[v+%(iKé)—iK£] for £>0(33a)
T O = B layt (= iK(— £)) —iK(~£) for E<0(33b)

where v is Euler’s constant, approximately 0.577.

Since we are interested in small x and large Y behavior of
I*:(x,Y), we may approximate the Hankel function in Eqgs.
(30) by its form for large argument. Equation (30a) then
becomes ,

o

I (x,Y) = \/——i——Yexp(hrM—iKY) S_m dietkxtiy fu (&)
(34)

and similarly for I*X(x,Y), but with limits of integration
—1/K and 1/K, so that the exponential may be further
simplified to exp(iKx£/Y) =1+ iKx¢/Y.

Performing the integrations for I*# and 7*X and sub-
stituting the resulting expressions into Eq. (22), we obtain the
first two terms in the asymptotic expansion of the loading
near the leading edge

(1+i)exp(—iKY)
VKW I —M?

Do (x—0,Y>0,0)=p,, 1, (x,Y,0) +

Yy im I) ix

T
x)1-T ’—(— m_oy_ 2
2T\t T ) i

(8 ()

CwWI-M2y

S — A (35)

Figure 5 is a plot of the magnitude of the second term on the
right-hand side of Eq. (35), the leading-order three-
dimensional correction to the two-dimensional loading near
the leading edge. The values of M and A are 0.8 and 62 deg, so
that M, =M/sinA=0.91. For =03 m (I ft) and
Nt/ b=2mcosA/k, =Yz, the value of k, is 5.9. Using the
standard sound' speed value of 335 m/s (1100 ft/s), the
corresponding frequency /2w of the acoustic tone radiated
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THREE -DIMENSIONAL CORRECTION
TO TWO -DIMENSIONAL LOADING

N SR N B Lol X
-5-4-3-2-1 0 | 2 3 4 5

Fig. 5 Magnitude of second term in the asymptotic behavior of
loading [Eq. (35)] near the leading edge.

due to such a wing/gust interaction would be 826 Hz. The
figure shows that near the side edge (¥ = V4) the first corrective
contribution is larger on the plate side than upstream, in-
dicating that the solution derived begins to predict three-
dimensional effects on the plate side that are larger than the
spurious behavior upstream. For larger values of y the
correction flattens out until for y=10 it is practically a zero-
slope line which, due to the algebraic decay with y away from
the side edge, contains loading correction values about 5% of
those for y= 1.

Solution for p, Satisfying the Upstream Condition

For Z=0 the integrand of the \, transform in Eq. (20) is
composed of two parts: 1) a pole at A, =k _tanA/~v1—-M? and .
2) a branch line singularity at A, =vK? —\. For large Y, the
pole gives the loading the simple sinusoidal exp(— ik, tanAY/
v1-—-M?) spanwise variation of the input gust or of the
loading on an infinite-span wing.!-? It follows, therefore, that
the branch line must account for the three-dimensional effects
in the solution and thus allow the latter to satisfy the side-edge
condition of p, (x, Y—0+,0)=VY. As shown in the analysis
below, the branch line also implies a phase variation for the
loading near the tip very different from that of the input gust.

The integrand in Eq. (20) indicates that the effects of the
leading and side edges are coupled, for it cannot be factored
into a product of a function of A; and another of \,, and so
the A; and A, integrations cannot be performed separately.
The analysis to follow is intended to study in more detail the
x-Y coupling and to extract rationally a simplified lifting-
surface theory which satisfies the upstream boundary con-
dition; it reveals that at high frequencies the coupling is
essentially limited in importance to the corner point itself: the
simplified result derived in this section satisfies the upstream
boundary condition and does not have x-Y coupling; as a
penalty, however, it exhibits a nonuniform behavior at x=0,
Y=0.

The integral in Eq. (21) may be re-expressed as

® d .
(1-i) 50 Tge-m%g(x—s) (36)
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where
o= [ ()] o

We now split the integral in Eq. (37) into three segments, as
indicated by Eq. (38) and then for each segment interchange
orders of integration with the Fresnel integral. The results are
given in Eq. (39).

- -K K o
\/27rg(x)=S +§ +SK (38)
k_tanA
1) 275(x E[Y(—x— —K)]
) {x) Y
sinKx k tanA k tanA
s ot oy e gl )]
x 1-M? 1-M?
Yikytand/ (1-M2) PYtim  qreit
3) +2md(x S
) (x) Yk tanas (1-m2) 41 2wt
Yikytand/ (1= M?) ] dreit
4 +S
) Yikytand/(1-M2) % —ky N 27t
+(1< —{(1/Y) —kytanA/ (1 - Mz)/’)z)y’ N
X B dhe—¢
S (K2 — [ (1Y) —kptanh/ (1 - M2y ¥ 2y 7
YikytanA/ (1=M2) P )i dgit
SY[k tand/ (1 —M?) 7] 27t
F O (V) —kptandr (1-M2) 2\ "
X ,, dhe—f 39
S K2 () —kgtanar (1 =M 212y % ©9

where certain terms have been grouped and numbered for
convenience in the discussion that follows. Only integrals 4
and 5 contain x-Y coupling; all others involve products of a
function of x and another of Y.

Since E(o0) =(1+4{)/2, a constant, for large Y terms in-
tegrals 2-5 vanish; only integral 1 remains. For Y—0+, in-
tegrals 3 and 5 may be deformed in the complex ¢ plane from
the positive real axis to the positive imaginary axis.
Respectively, they become

P gw dge*
0 ~2x&

26 (x) (40)

o dEe—t (KP4t 2,y2) % ‘
_el1r/4S —Ee_—S d)\e—l)\x (41)

N 2,2,

(K +£°/Y%)

For Y—0+, the inside integral in Eq. (41) gives 276 (x), so
that the first-order contribution of integrals 3 plus 5 is zero.
Higher-order contributions vanish as well.

In order to obtain the behavior of integral for 4 Y—~0+, we
integrate by parts

o+ — (D —kganas (1-M7) 2y
lim(4) = —\/fe"g b 2y AN~
C Y—04 T — &2 —{(t(Y)—kxtanA/(I—M )5
1= YkytanA/(1-M?) %) 2sinKx
t=Y{lkeanar(-M) P -ky | x

‘/TV(I M7 © (lic/tinz\jn - @
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which may be interpreted as the small Y behavior of

lim (4) = ZsmeE[Y
Y—~0+ X

k. tanA
] 43)

NI-M?

So that near the side edge integral 4 cancels the first term of
integral 2. The sum of all terms in Eq. (39) for Y—=0+ is

therefore
-K ) ] (44)

Vg0 = {ond ey ZKK Ty (tand

1-M?

from which

rg(x—f) = {21r6(x—£)

In the convolution, Eq. (36), the second term in brackets in
Eq. (45) makes a contribution which is nonzero for x<0, but
which is, however, well behaved and finite valued. Therefore,
it may be. neglected in comparison to the é function term
which contributes 1/Vx for x>0 and zero for x<0, a much
more important part of the blade’s acoustic source strength
due to its singular behavior at. x=0+. Evaluatlng ‘the con-
volution, then, we obtain, with y=Y/v1 , the simplified
lifting-surface result for a quarter- mflmte wing passing
through a gust at high subsonic speed,

powoU 1
xNI—-M?

P« (%, Y>0,0) =i

1—ae T#

1 M )
X \/—;E [kx y (tanA— N Y )]exp( —ipx— ik, tanAy) (46)

which for small y becomes

powoU 1 1
-0+,0 =
D%y )= \/1 Y - N
Ji-ae T
X exp(— ipx — iIKyN'1—M?) Yk (tanA~ M/ 1—M?) \y

@7

so that the corner point x=0, Y=0is point of nonuniformity.
The y variation of the loading phase near the side is therefore
exp(—iKyv1—M?) rather than exp(- ik, ytanA), the span-
wise phase variation for the input gust, and for the loading
DP.»p far from the side edge. Since the loading’s rate of
decay as y—0 + is given by the constant

(k,tanA/NT—M? —K) %
=vk, (tanA—M/NT—M?)% ) (] - M?) ¥

which could be »VK+~1—M? for the large A wing/gust in-
teractions considered here, we conclude that the spanwise
variation of the loading phase is small throughout the *‘tip
region.”

For large y (far from the side edge), Eq. (46) becomes Eq.
(23), the expression for p,,p. Figure 6 is a plot of the
magnitude of V2 times the Fresnel integral term in Eq. (46),
the spanwise part of the derived pressure distribution which
appears multiplying p,,, given by Eq. (23). The vy behavior
for y =0 is indicated, as well as the asymptotic approach to 1
for large y [so that p,—p,_ . in Eq. (46)].
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Fig. 6 Magnitude of V2 times Fresnel integral term in Eq. (46). -

Finally, since the loading ini Eq. (46) shows no x-y coupling
(i.e., it is a simple product of a function of x and another of
»), a trailing-edge correction may be performed to yield the
loading on a square-tip blade, with finite chord and semi-
infinite span, passing at high speed through a gust. The
procedure to accomplish this has been discussed in detail in
Refs. 1-3 and will not be repeated here. The result is

powoU

‘ IE
_p*(x'>0,Y>0,0)=i4/7—r\/1_M2 exp(—iux -

I—M?
. 1 1 .
— ik tanAy) {\/—; -5 l- (]+1)E*[2y(2—x)]]}

x|ty (tanA—r ) | “8)

;Summary and Conclusions

An approximate solution has been obtained for the un-
steady loading near the square tip of a semi-infinite-span wing
passing through an: oblique gust. The model assumes that
either the gust wavelength is short in comparison to the wing
- semichord or that the subsonic flight Mach number is close to

I. The loading solution obtained is not exact, because the
upstream boundary condition was rélaxed during the solution
process to make the problem treatable -analytically by the
technique applled that of Wiener-Hopf. However, - for
noncompact cases, this departure from the correct theoretical
result should be small. The authors® have shown, in fact, that
the solution in Eq. (21) may be derived alternately using an
iterative source cancellation. technique which has been
proved!© to converge uniformly as a function of a physical
parameter given by the gust-reduced frequency k, divided by
1—M?2. Therefore, the solution for the loading given here in
Eq. (21) should approach the exact one¢ in the limits k,—o0
and/or M—1. '

The basic result obtained [Eq. (21)] was analyzed further to
extract rationally a simplified form [Eq. (46)] which satisfied

Rl
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the upstream condition earlier violated. This new result is also
approximate, however, and our main purpose in deriving it
was to develop a srmple model for the strength of dcoustic
dipoles near the square tip of a helicopter blade passing over a
vortex. The oblique gust in the present model can then be used -
as a Fourier component of the vortex-induced upwash. on the
rotor plane and, upon summation of their individual effects
(acoustic tones), the theoretical far-field pulse may be
calculated. ’

We found that the predicted loading near the tip has a phase
variation which-could be much smaller for large interaction
angle A than that of the input gust. Physically, the resulting
far-field pattern of reinforcement and cancellation of dipole
sources may be expected to-differ, perhaps substantially, from
that obtained using a spanwise loading which matches the gust
in phase variation and should be the subject of future acoustic

studies.
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